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Abst.act— This paper outlines Berenger’s Perfectly
Matched Layer absorbing boundary condition applied to
the Finite Difference Time Domain modeling of circular
waveguides. The model employs a cylindrical bc,dy of
revolution coordinate system.

I. INTRODUCTION

T HE Perfectly Matched Layer (PML) theory de-
veloped by Berenger [1] is a major advance in

the state of the art of absorbing boundary conditions

(ABC) for finite difference time domain (FDTD) meth-
ods. Subsequent works have applied the PML theory
to three dimensional scattering on cartesian grids [2]
and the termination of cartesian meshed waveguicles [3].
These papers reported reflection coefficients of better

than -70 dB. It is the intent of this work to extend the
PML theory to the Body of Revolution (BOR) FDTD
modeling of circular waveguides.

The first section provides a background for the BOR-
FDTD modeling. The BOR-PML set of relationships
are presented next. Finally, modeling resu!ts are shown
for modes propagating in circular waveguides.

II. BOR-FDTD BACKGROUND

In the field of particle accelerator design evacuated
circular waveguides are commonly used as beam pipes.

The beam usually consists of bunches of charged par-
ticles. The pipes provide a means of transporting the
beam to and through various beamline elements. When
a b earn bunch passes through these elements, elect ro-
magnetic fields may be excited in them. These fields
are called wake fields, Succeeding bunches are affected
by the wake field, which can lead to beam instability

and breakup. Body of revolution FDTD codes have
been used for many years to model wake field phenom-
ena in particle accelerators [4] [5] [6] [7] [8]. Proper
modeling requires that any modes excited in beam ele-
ments and capable of propagating along the bealm pipe
be absorbed at the numerical grid boundary. The PML

method is a broadband ABC supericr to those presently
in use.

The BOR-FDTD algorithm description starts with

Maxwell’s time dependent curl equations. Note that
a term representing magnetic conductivity is been in-
cluded here.

(1)

(2)

Next, the fields are assumed to have a harmonic az-
imuthal field dependence.

H+ere E a~d H depend on r, #J, z and t while e;, e;,
h. and h. depend on r, z and t. The variable m is
the mode number. Equations (3)-(4) combined with

the cylindrical coordinate forms of (l)-(2) result in the
following modal description of the fields.

The above vector equations can be separated into
two independent groups of six scalar equations. These
groups represent modes that are azimuthally perpen-
dicular to each other in a cylindrical waveguide. For
the present investigation only one group is needed. It
is listed here for later comparison to the PML forms.
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(8)

(9)

10)

11)

(9 la
pxhz + cr”hz = ––—(red) + ~er (12)

r &

This set of equations provides a means to numeri-
cally analyze structures that are symmetric about an

axis. Finite differencing them results in a two dimen-
sional algorithm which computes the fields for a given
mode number (m). Non-symmetrical source distribu-
tions are modeled by representing the source as a sum
of its azimuthal moments and solving for their field dis-
tributions one mode at a time.

III. THE PML METHODOLOGY

The PML method separately computes the contribu-
tion for each of the two terms of the curl operator. Thus
(7)-(12) become a set of twelve equations. In the equa-
tions below the first subscript refers to the field compo-
nent’s coordinate direction, while the second subscript
indicates which term of the curl operator contributes

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

+ ez~) (22)

+ e~r)) (23)

+ e,~) (24)

The PML method requires that the ratio of the elec-
tric conductivity to the permittivity equals the ratio
of the magnetic field conductivity to the permeability
across the interface of the PML and the interior of the
grid.

n/< = o-”/p (25)

The waveguide under consideration is empty and has

terminating planes perpendicular to the z-axis. Satis-
faction of (25) requires the following conductivities to
be set to zero:

~F=g:=u4=u; =o (26)

Inside the PML a parabolic conductivity profile is
used for Uz and G;.

a(z’) = amax(z’/6)2 (27)

The maximum conductivity, Urea. is 10 S/m and z’ is
measured from the vacuum boundary of the PML. Ex-
ponential time stepping [1] [9] is utilized for the calcu-

lation of the difference equations containing a. and u:.
The PML thickness, 6, is 20 mm.

IV. RESULTS

The object modeled is a perfect electrically conduct-
ing (P EC) circular waveguide, as illustrated in Fig. 1.
The guide radius is 26 mm. PEC material terminates
the waveguide at z = .zmax. The PML is located imme-
diately to the left of the PEC termination. The PML
thickness, 6 is 20 Az where Az = 1 mm, the spatial
increment in the z-direction. The modes are excited at

– z~ln and allowed to propagate into the PML.z—
The first example is a TMO1 excitation by a 6 GHz

carrier modulated by a gaussian pulse. The pulse has

a full width half maximum (I?WHM) of 682 ps, it
frequency spectrum is shown in Fig. 2. The cutoff
frequency of the TMO1 mode is 4.413 GHz. Fig. 3
shows the spectrum of the reflection coefficient at the
PML/vacuum interface. Over the illustrated 6 GHz
bandwidth, the reflection coefficient due to the PML
termination varies between -85 and -120 dB. Note that
the PML is effective at matching the evanescent fields
below the 4.413 GHz cutoff frequency.

The second example is a TE11 excitation with a

gaussian pulse modulating a 4.4 GHz carrier. The
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Fig. 1. FDTD excitation of a circular waveguide terminated
with PML media
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Fig. 2. Spectrum of the TMO1 gaussian pulse

pulse has a FWHM of 682 ps, it frequency spectrum
is shown in Fig. 4. sinusoidal waveform. The guide
cutoff frequency for this mode is 3.379 GHz. l?ig. 5
shows the spectrum of the reflection coefficient at the
PML/vacuum interface over a 6 GHz bandwidth. The
reflection coefficient varies between -95 dB and -105 dB.

Once again, the PML is able to absorb the evanescent
fields below 3.379 GHz.

V. CONCLUSION

The PML ABC has been demonstrated for PEC cir-
cular waveguides modeled with a BOR-FDTD algo-
rithm. Boundary reflections were found to be less than
-85 db, which compares favorably with previous studies.
Future investigations will include applying the PML
method to dielectric waveguides and open structures.

-20

g
-40_t

E
a).-

g -60

e
-80 -

6.-
2
= -100
$

-120

, ,“

3.0 4.0 5.0 6.0 7.0 8.0 9.0
Frequency (CiHz)

Fig. 3. Reflection coefficient for the TMOl pulse at the vac-
uum/PML interface
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Fig. 4, Spectrum of the TEI 1 gaussian pulse
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Fig. 5. Reflection coefficient for the TE11 pulse at the vac-
uum/PML interface
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